Abstract-This paper presents a rate distortion approach to Markov graph learning. It provides lower bounds on the number of samples required for any algorithm to learn the Markov graph structure of a probability distribution, up to edit distance. We first prove a general result for any probability distribution, and then specialize it for Ising and Gaussian models. In particular, for both Ising and Gaussian models on p variables with degree at most d, we show that at least Ω((d − s p ) log p) samples are required for any algorithm to learn the graph structure up to edit distance s. Our bounds represent a strong converse; i.e., we show that for a lower number of samples, the probability of error goes to 1 as the problem size increases. These results show that substantial gains in sample complexity may not be possible without paying a significant price in edit distance error.
I. INTRODUCTION
Markov networks, also known as (undirected) graphical models, describe the interdependencies (or the lack thereof) among a collection of random variables using an undirected graph. As such, they have been used for modeling and designing applications in a multitude of settings, for example, social network modeling [1] , [2] , image processing/computer vision [3] , [4] and computational biology [5] , [6] . The problem of learning the graph structure of a Markov network from samples generated by the underlying probability distribution is a wellstudied one and is referred to as the problem of graphical model selection or Markov graph learning. There is diverse literature on various aspects of learning Markov graphs, ranging from statistical physics to computational learning theory. It is only relatively recently that the information theoretic limits for this learning problem are being better understood.
An understanding of the information theoretic limits of high-dimensional learning problems in general, and the problem of learning Markov graphs in particular, provides us with sample complexity bounds corresponding to lower bounds for learning. A useful tool used for obtaining these bounds is Fano's inequality and its generalizations [7] . However, Fano's inequality results in weak converse bounds -the typical result obtained for the problem of learning Markov graphs is that if the number of observed samples available to a learning algorithm falls below a certain threshold, the probability of error in learning the structure of a Markov network is bounded away from zero. Therefore, alternate information-theoretic tools are required for stronger bounds on sample complexity. This motivates the formulation of strong converse type results, in the same spirit as in the case of noisy channel coding [8] . In other words, we desire results that say that unless the number of available samples exceeds some threshold, the probability of error in learning the structure of a Markov network goes to one as the problem size increases. Such information-theoretic limits are important as they provide an understanding of the settings where recovery is impossible, regardless of the algorithm or cleverness of its design.
In this paper, we focus on reconstruction of the graph structure of a Markov network within a pre-specified distortion, rather than exact reconstruction. As an overarching goal, we are interested in characterizing the rate-distortion limits of the problem of graphical model selection. We restrict ourselves to Markov networks whose underlying graphical structures have bounded degree. We derive results for two well-known families of Markov networks -Ising models and Gaussian Markov networks. The distortion metric we choose is edit distance between graphs, that we define in the next section.
A. Related Work
There is a significant body of literature in the context of deriving the information-theoretic limits on the sample complexity for exact learning of Markov networks, especially the specialized cases of Ising models [9] , [10] , and Gaussian Markov networks [11] , [12] . The graph ensembles that have been considered include degree-bounded graphs [9] - [12] , [13] , graphs with limited edges [9] and random graphs [10] , [12] . A common theme in deriving these theoretical bounds is to treat the graphical model selection problem as a noisy channel coding problem and apply Fano's inequality to characterize the limits. The graphical model selection problem in presence of distortion has been examined in [12] for the ensemble of Erdös-Rényi graphs. The only known strong converse results have been derived in [10] and [14] , for the cases of exact reconstruction of Erdös-Rényi graph based Ising models and degree bounded Gaussian Markov networks respectively. The performance of graphical model learning algorithms, that output a list of graph structures instead of a single one, is examined in [15] for Gaussian and Ising models.
B. Summary of Results
We provide a comparison of our results against the existing ones in literature in Table I , for ensemble of Markov networks based on graphs with p nodes and degree bounded by d. Our results are highlighted in bold face. Note that s denotes the maximum allowed edit distance between the original and recovered graphs. All existing results in literature are for the case of exact graph structure recovery i.e., s = 0. 
Model
Edge weight = Θ
It is known that edge weights play an important role in determining the complexity of learning graphical models [16] . However this dependency is complex in general. For instance, very low edge weights or very large edge weights tend to increase the number of samples needed to learn the graphical model. The presence of low edge weights causes difficulty in determining the existence of edges, while the presence of high edge weights results in long range correlations in graphical models. Existing results show significant difference in lower bounds for edge weight scaling as Θ(
), see Table I . However, in this paper, we are able to show different lower bounds for the Gaussian case but not for the Ising model. A detailed comparison and discussion of our results with the existing ones is done in Section VI.
The rest of this paper is organized as follows. We discuss some preliminaries and introduce the system model in Section II. We consider the problem of learning graph structure up to a pre-specified distortion value (edit distance) and give strong limits on the sample complexity for arbitrary ensembles, Ising models and Gaussian Markov networks in Sections III, IV and V respectively. We finally conclude the paper with Section VI. Due to lack of space, complete proofs of all the results are not presented in this paper. They can be found in [17] .
II. PRELIMINARIES
We consider an undirected graph G = (V, E), where V = {1, . . . , p} is the set of nodes and E ⊆ V × V is the set of edges. A Markov network is obtained by associating a random variable X i to node i, that takes values from an alphabet set A, and specifying a joint probability distribution p(·) over vector X = (X 1 , X 2 , . . . , X p ) that satisfies the following property:
where A, B and C are any disjoint subsets of V such that every path in G from A to B passes through C, and x A , x B , x C denote the restrictions of (x 1 , . . . , x p ) ∈ A p to indices in A, B, C respectively. Here, p(·) denotes p.m.f. for the discrete case (A is a finite set) and p.d.f. for the continuous case (A = R and continuous distribution). Next, we present examples of discrete and continuous Markov networks.
Ising Model: This family of discrete probability distributions is widely studied and used in statistical physics [18] , computer vision [19] , game theory [20] and many other topics. In this paper, we restrict ourselves to a special case of Ising model -the zero field binary Ising model. Here, the alphabet is chosen as A = {−1, 1}. Given an undirected graph G on p nodes and weight θ ij ∈ R assigned to edge (i, j) ∈ E, the probability of vector x = (x 1 , x 2 , . . . , x p ) ∈ A p is given by
where x = (x 1 , . . . , x p ) ∈ R p and Θ is the inverse covariance matrix. Θ is also called the potential matrix, since Θ(i, j) can be interpreted as the potential of edge (i, j) ∈ E. The following quantity, called the minimum magnitude of partial correlation coefficient, plays an important role in determining the sample complexity of the Markov graph learning problem:
This quantity is invariant to rescaling of the random variables and can be thought of as the minimum magnitude of a nonzero entry after normalizing the diagonal terms of Θ.
In this paper we restrict our attention to the ensemble of degree bounded graphs in light of the fact that extensive work on learning Markov networks focus on these graphs. We denote the set of graphs on p nodes and maximum degree d by G p,d . We also denote the set of all graphs on p nodes by U p . For any two graphs G and H on the same set of nodes, we define the edit distance, Δ(G, H), between them as the minimum number of edge deletions/insertions required to convert G to H. Thus, Δ(G, H) is the cardinality of the symmetric difference between edge sets of G and H.
A. Learning Algorithm and Error Criterion
We consider an ensemble of undirected graphs on a common set of p nodes, G = {G 1 , . . . , G M }, and an ensemble of Markov networks K = {K 1 , . . . , K M }, such that K i has G i as its underlying graph and the random variables in X = (X 1 , . . . , X p ) draw values from alphabet A. We choose a Markov network K ∈ K uniformly at random and obtain n i.i.d. vector samples X n = (X (1) , . . . , X (n) ) from the distribution specified by K. The problem we consider is to reconstruct the graph G associated with K given the samples X n . This is referred to as the problem of graphical model selection or Markov graph learning. A learning algorithm is any function φ : A np → U p that maps the observed samples to an estimated graphĜ = φ(X n ) ∈ U p . Given a pre-specified s, we define the error event for the learning algorithm as {Δ(G, φ(X n )) ≥ s}, i.e., error is declared if the edit distance between the actual graph and the reconstructed version is greater than or equal to s. Then the probability of error of the learning algorithm is given by the following expression:
In this paper, we derive lower bounds on sample size n, in terms of the ensemble parameters, for any learning algorithm to reliably recover the underlying graph of a Markov network up to an edit distance of s. We do this by bounding P (n) e from below in terms of n and the ensemble parameters.
III. LOWER BOUNDS FOR ARBITRARY ENSEMBLES
In this section, we state our result for lower bounds on the sample complexity for arbitrary ensembles of graphical models. We consider the same setup as described in Section II-A. We have an ensemble of Markov networks K and the corresponding ensemble of undirected graphs G on p nodes. We choose K ∈ K uniformly at random and obtain n i.i.d. sample vectors from its joint distribution. Our aim is to analyze the performance of an arbitrary learning algorithm φ : A np → U p . For this, we define the following quantities for G ∈ G:
B(s, G) denotes the maximum number of graphs that are at an edit distance of at most s from any graph in G. We also define another quantity, similar in structure to mutual information:
H(·) and h(·) represent the entropy and differential entropy functions respectively. For given K, G, we define a lower bound R and an upper bound C on the following quantities:
Then the following theorem establishes a necessary condition on the number of samples n for consistent recovery of the structure of Markov networks using any learning algorithm. 
Here, error refers to the event that the original graph and the recovered graph are at an edit distance of more than s, and If we can find a good upper bound for A (K) for given ensemble K, then we can use Theorem 1 to show that P (n) e → 1 in the high dimensional setting as p → ∞ and n < R C . We pursue this approach in the next two sections to prove results for ensembles of Ising and Gaussian graphical models.
IV. LOWER BOUNDS FOR ISING MODELS
Our main result in this section is the following theorem that characterizes a lower bound on the number of samples required for consistent recovery of the Markov graph structure for an ensemble of Ising models whose construction is described below. For each graph in G p,d , we consider the corresponding zero field binary Ising model with all edge weights equal to θ, where θ ∈ (0, Proof strategy for Theorem 2: The proof of Theorem 2 follows from establishing the bounds R and C in (1) and (2) and then using Theorem 1. Lemmas 1 and 2 establish such bounds R and C respectively. A complete proof of Theorem 2 can be found in the appendix and [17] . We list the graphs in 
V. LOWER BOUNDS FOR GAUSSIAN MARKOV MODELS
Our main result in this section is a lower bound on the number of samples required for consistent recovery of the Markov graph structure for an ensemble of Gaussian Markov networks K G p,d , whose construction is described below. Without any loss of generality, we assume that p is even. We choose d perfect matchings on p nodes, each perfect matching chosen uniformly at random, and form a multigraph resulting from the union of the edges in the matchings. We refer to the set of all such multigraphs on p nodes, constructed in this fashion, as H. The uniform distribution over the choices of perfect matchings also defines a probability distribution over H. We have the following lemma for this distribution [21] :
our result is only a factor of d and √ d away respectively from existing results. This gap is either due to a limitation of our proof technique or due to the difference in the kind of guarantee. Specifically, the lower bound results in [9] and [11] use Fano's inequality to obtain a weak converse i.e., if the number of samples n scales below a certain threshold then the probability of error is lower-bounded by a constant as p → ∞. On the other hand our result establishes a strong converse i.e., if the number of samples n scales below a certain threshold then the probability of error goes to 1 as p → ∞.
In this paper, we develop a rate-distortion framework for the problem of learning Markov graphs, where we characterize lower bounds on sample complexity within a given distortion criterion. We use a strong converse framework to derive these bounds, indicating that it is near-impossible to learn the graphical model with fewer samples. Our results show that, for both Ising and Gaussian models on p variables with maximum degree d, at least Ω((d − s p ) log p) samples are required for any algorithm to recover the graph within edit distance s. As future work, we hope to derive stronger bounds on probability of error in learning, and derive results for Markov networks based on other graph ensembles, like random graphs.
